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Abstract
A FE-Meshless multiscale computational strategy for the analysis of running bond masonry is presented. The Meshless Method
(MM) is adopted to solve the boundary value problem (BVP) at the mesoscopic level. The representative unit cell is composed by
the aggregate and the surrounding joints, the former assumed to behave elastically while the latter are simulated as non-associated
elastic-plastic zero-thickness interfaces with a softening response. Macroscopic localization of plastic bands is obtained performing
a spectral analysis of the tangent stiﬀness matrix. Localized plastic bands are embedded into the quadrature points area of the
macroscopic ﬁnite elements.
c© 2015 The Authors. Published by Elsevier Ltd.
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1. Introduction
In heterogeneous materials, the most relevant kinematic and mechanical phenomena take place at a scale which
is small if compared to the dimensions of the structure. On the other side, the structure is governed by its global
geometrical and morphological conﬁguration. Joints often represent the weakness zones of the structure.
In literature two diﬀerent scales of interest are distinguished. In the mesoscopic approach the constituents and their
interfaces are considered individually. Most of the eﬀorts in this research area are concentrated on the formulation
of advanced interface constitutive laws capable to describe the damage evolution and the onset of irreversible strains
for diﬀerent mechanical problems or materials ([1]-[9]). In the macroscopic approach the structure is constituted by
a ﬁctitious homogeneous and continuous material. In this approach simpliﬁed constitutive models are formulated in
a phenomenological manner, intentionally neglecting the actual material composition but smearing the eﬀects of the
heterogeneities presence by apposite mechanical assumptions (Fuschi et al. [10]). To this approach the multiscale
techniques belong. These techniques couple diﬀerent scales of interest by means of apposite transition laws capable
to exchange information between diﬀerent consecutive scales.
Multiscale modeling of heterogeneous materials is developed in the framework of homogenization methods when in
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Fig. 1. (a) Unit cell extracted from running bond masonry. (b) Meshless discretization.
the structure separated scales can be clearly identiﬁed. The Computational Homogenization (CH) strategy is the most
diﬀused among those present in literature ([11]). A macroscopic strain or stress is used to apply kinematic or static
boundary conditions to the init cell (UC) (macro-meso scale transition). The equilibrium of the UC is obtained by
solving a boundary value problem (BVP) at the mesoscale. Lastly, the macro-strain or macro-stresses are assumed to
be the average on the UC of the corresponding meso-strain or meso-stresses (meso-macro scale transition).
In the ﬁrst-order CH methods, Cauchy models are used at all scales ([12], [13]). These methods are based on the
Principle of Separation of Scales ([14]). The ﬁnite element method is usually applied at both scales. Giambanco et al.
[15] used instead the Meshless Method ([16]) to solve the BVP at the mesoscale. In the second-order CH methods,
Cosserat or higher order continua are considered at the macroscopic level ([17], [18]).
The eventual concentration of inelastic deformations at the UC interfaces involves the possibility to localize inelastic
deformations even at the macroscale, that are usually introduced in a smeared sense in the FE mesh. Rice [19] stated
that the process of localization of deformation can be viewed as an instability (discontinuity bifurcation) that can be
predicted in terms of constitutive relations of the material. Once a band is localized, it is inserted into the ﬁnite element
macroscopic mesh as an embedded discontinuity. Belytschko et al. [20] modify the quadrature scheme introducing
an averaging procedure based on the fraction of the localized area with respect to the total one.
In this paper we present an extension of the conventional ﬁrst-order CH method. The formulation of the UC BVP is
developed in the framework of Meshless Methods instead of the classic mesh-based methods. Mesh-based methods
are time-consuming and dependent on the mesh reﬁnement required to correctly catch the inelastic phenomena at the
mesoscale. The theory of discontinuous bifurcation is applied to localize plastic deformations at the macroscale. The
localization of a plastic band is obtained performing a spectral analysis of the macroscopic tangent stiﬀness matrix,
that is evaluated on the base of the solution of UC BVP. The localized band is inserted at the macroscopic FE mesh
following the smeared approach. The averaging procedure proposed by Belytschko et al. [20] is applied.
A numerical application on a masonry wall is employed to assess the goodness of the proposed model.
2. Basics of the CH scheme and Meshless solution of the UC at the mesoscale.
Let us consider a structure constituted by a heterogeneous material at the mesoscale. The continuous structure is
discretized in a ﬁnite number of sub-domains or elements. As shown in Figure 1(a), given the geometrical conﬁgura-
tion of the masonry structure, a single ﬁnite element can include diﬀerent blocks which a UC, constituted by a single
block surrounded by half of the joint thickness can be extracted from.
The weak form of equilibrium written for the UC provides the following conditions:
u¯m = Dm εM (1)
σM =
1
|ΩUC |
∫
ΓUC
DTmrdΓ. (2)
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where um is the displacement of a point at the mesoscale, εM and σM the macroscopic strain and stress ﬁelds, ΩUC
the area of the UC, having boundary ΓUC.
Dm =
[
x1 0 x2/2
0 x2 x1/2
]
. (3)
Equations (1-2) are the macro-meso and meso-macro transition conditions adopted for the multiscale problem.
Equation 1 consists in the evaluation of the linear boundary conditions to be applied to the UC, while equation 2 is
based on the Hill-Mandel principle.
The material of the block is considered indeﬁnitely elastic, while the joints are simulated as zero thickness interfaces
(ZTI). The interface constitutive laws are developed in the framework of elastoplasticity for non standard materials.
Making use of the meshless approximation procedure illustrated by Giambanco et al. [15] and with reference to
Figure 1(b), the following governing equations are obtained:
[
K −G
GT 0
] [
Um
R
]
=
[
Fp
U¯m
]
(4)
where
K =
∫
Ωb
STbΦ
T
bC
TEbCΦbSbdΩ +
4∑
k=1
∫
Γk
(ΦiSi −ΦbSb)TTTi Ei Ti (ΦiSi −ΦbSb) dΓ (5)
G =
4∑
k=1
∫
Γk
STi Φ
T
i ΨiS¯idΓ (6)
Fp =
4∑
k=1
∫
Γk
(ΦiSi −ΦbSb)T TTi Ei [um]p dΓ (7)
U¯m =
4∑
k=1
∫
Γk
S¯Ti Φ
T
i u¯mdΓ. (8)
Eb and Ei are the elastic stiﬀness matrices of block and mortar respectively. S b, S i, and S¯ i are selectivity matrices.
Φb and Φi are meshless form function matrices. T is a rotation matrix while [um]p the plastic displacement disconti-
nuity at the interface. In order to evaluate the integrals (5)÷(8), the Gauss quadrature rule is adopted with nine sample
points in the block domain and three sample points for each interface.
Calculating the inverse of coeﬃcient matrix the solution can be given by as:
Um = B11 Fp + B12 U¯m (9)
R = B21 Fp + B22 U¯m. (10)
The elastic domain for the interfaces is deﬁned by a Coulomb bilinear limit surface and a tension cut-oﬀ:
Φp1(σmi, χp) = |τmi| + σmi tan φ − c0(1 − χp), (11)
Φp2(σmi, χp) = σmi − σ0(1 − χp), (12)
where τmi and σmi are the tangential stress vector and the normal stress component of the contact stresses, φ is
the friction angle, c0 and σ0 the cohesion and tensile strength of the virgin interfaces. χp is a static variable which is
associated to the internal variable ξp which regulates the isotropic hardening-softening interface behavior:
χp = hpξp, (13)
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Fig. 2. Body with a plastic band inside.
with hp the hardening-softening parameter.
The inelastic displacement discontinuities develop according to non-associative ﬂow rules:
[u˙m]p = λ˙p1
∂Gp
∂σmi
+ λ˙p2
∂Φp2
∂σmi
, ξ˙p = −λ˙p1 ∂Φ
p1
∂χp
− λ˙p2 ∂Φ
p2
∂χp
, (14)
where λ˙p1, λ˙p2 are the plastic multipliers which satisfy the common complementarity conditions. The plastic
potential related to the limit condition (11) is expressed by the following function:
Gp(σc, χp) = |τmi| + σmi(1 − χp) tan δ − r, (15)
with δ ∈ [0, φ] dilatancy angle and r an arbitrary material constant.
3. Plastic bands localization and insertion on macroscale ﬁnite element
Let us consider an element with a localized region (plastic band, b) and a non-localized sound region s (Figure 2).
The plastic band is separated from the remaining part by weak discontinuity surfaces.
Equilibrium and compatibility conditions across a discontinuity line have to be respected. Including also the
constitutive relations for the two regions the following equation is obtained ([19]):
(
CTn E
t
bCn
)
g˙m = CTn
(
Etb − Ets
)
ε˙s (16)
where Cn is the compatibility matrix written for a point on a surface whose normal unit vector is n, Etb and E
t
s the
stiﬀness tangent matrices on the plastic and sound regions respectively, ε˙s the strain rate in the sound region. g˙ is a
measure of the strain rate jump. m is a unit vector called polarization vector.
When no plastic bands are present, Etb = E
t
s = Et. In this case the condition of incipient localization is given by
detL = 0. (17)
where L = CTn EtCn is called localization or acoustic tensor.
Once the plastic band is present, the two materials exhibit diﬀerent constitutive behaviors, and the tangent stiﬀness
matrices are no longer identical. This particular case is called discontinuous bifurcation, and condition (16) has to be
respected. In this case
Etb = E
et
M + E
pt
M (18)
Ets = E
et
M (19)
where
EetM =
1
ΩUC
QB22QT (20)
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EptM =
1
ΩUC
QB21 (I − PB11)−1PB12QT (21)
with
Q =
4∑
k=1
∫
Γk
DTmΦiS¯idΓ (22)
P =
4∑
k=1
∫
Γk
(ΦiSi −ΦbSb)TTTi Ei
∂[um]p
∂ [um]
Ti (ΦiSi −ΦbSb) dΓ. (23)
An explanation on how equations (20), (21), and (23) are obtained is given in Giambanco et al. [15].
In the case of a discontinuous bifurcation, it has been proved that ([13], [20]):
detL ≤ 0; λmin ≤ 0. (24)
The unit vectors m and n deﬁne the nature of the discontinuity. When the n direction is localized, a plastic band
is included in the area of the generic macroscopic Gauss point. The integration over the entire ﬁnite element is
done on the base of the modiﬁed quadrature scheme suggested by Belytschko et al. [20]. The modiﬁed quadrature
scheme consists into separate the generic function F (ξ) to be integrated in two values, one (Fb (ξ)) correspondent to
the behavior of the material in the band, one (Fs (ξ)) correspondent to the behavior in the elastic portion, each one
weighted for the correspondent area fraction fb or fs.
The stress rate and the tangential stiﬀness matrix at the macroscopic level are obtained as:
σ˙M = fb σ˙b + fs σ˙s, (25)
EtM = fb E
t
b + fs E
t
s. (26)
An important point is how to evaluate the band area. In author’s knowledge, this can be done following a phe-
nomenological procedure, acquiring information about the failure pattern of a running bond masonry subjected to
a generic boundary load. With reference to the work of Dhanasekar et al. [21], three particular cases are selected,
namely considering the uniaxial tension acting with an angle of 0o, β, or 90o with respect to the bed joints. A corre-
spondence between the localization α angle and the band width wb is deﬁned. For intermediate values of α a linear
variation of wb is considered. The band length is assumed equal to the length of the middle line of the band.
4. Numerical procedure
Three nested iterative procedures are employed: one for the macroscopic classical ﬁnite element solution, one for
the localization at the quadrature point, one for the mesoscopic BVP solution.
At t = 0, the elastic stiﬀness matrix for the homogenized material is evaluated. At the generic time step [tn, tn+1] ⊂
[0, T ] the increment of the macroscopic strain at a single Gauss point of the homogenized structure is obtained. Two
diﬀerent situations can be found at the macroscopic Gauss point. The ﬁrst case is that one of a Gauss point without
localized plastic band. The second case is when a plastic band is present. In the ﬁrst case the entire macroscopic strain
increment is imposed to the UC and the resultant stress increment is attributed to the macroscopic Gauss point. In the
second case the macroscopic strain increment is separated in a contribute aﬀerent to the plastic band and a contribute
aﬀerent to the sound region. The strain rates are evaluated solving the following system:{
CTn Etb ε˙b = C
T
n Ets ε˙s
ε˙M = fb ε˙b + fs ε˙s
. (27)
The stress increments are therefore calculated for the two regions on the base of their own strain increments. In
particular, the σ˙b stress rate is evaluated solving the BVP with imposed ε˙b strain rate. The BVP is solved through an
iterative loop. K matrix and δFp are updated at each iteration untill the convergence condition∣∣∣∣ΔUp, jm − ΔUp, j−1m
∣∣∣∣ < tol (28)
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Fig. 3. Masonry wall of Massart et al. [13]. (a) Geometry; (b) Load-displacement curves.
is reached. The σ˙s stress rate is obtained assuming the sound region to unload elastically. At the same time, the
macroscopic tangent stiﬀness matrix in the plastic band is updated. Material tangent matrix is used to localize the
new macroscopic plastic band orientation through a spectral analysis of the associated acoustic tensors. When a new
plastic band is formed, or simply it changed orientation with respect to the previous iteration, the values of the strain
increment on the non-localized and localized regions have to be updated and quantities reevaluated. At the end of the
loop, the ﬁnal stress increment and global tangent stiﬀness matrix at the macroscopic quadrature point are calculated.
The ﬁnite element tangential stiﬀness matrix and internal force vector are ﬁnally assessed according to the modiﬁed
quadrature scheme proposed.
The nonlinearity of the problem may lead to a possible lack of convergence at the macroscopic level for the nth step
of the Newton-Raphson iterative procedure. In this case the numeric procedure needs a further iteration, reevaluating
the macroscopic strains for each FE Gauss point and associating them to the stresses coming from the analysis at the
mesoscale. When even the convergence of the ﬁnite element analysis at the macroscale level is reached, the program
skips to the next load step.
5. Numerical application
The FE·Meshless multiscale computational strategy presented is applied to simulate the masonry shear wall test
proposed by Massart et al. [13].
The geometry of the wall is shown in Figure 3. Each brick is 90 mm long, 30 mm high, 100 mm wide, with 10 mm
thick mortar joints. The top and bottom boundaries of the wall are considered clamped. The load is applied in two
phases. In a ﬁrst phase, the wall is compressed by a uniformly distributed load obtained imposing a uniform vertical
displacement on the top boundary of the wall. In a second phase, maintaining constant the distributed compressive
load, a monotonically increasing horizontal shear load is applied.
Like a classic FE2 multiscale procedure, Massart et al. [13] adopted FE meshes at the two scales. Periodic boundary
conditions were imposed on the UC. The UC coincided with a block and surrounding mortar joints. At the macroscale,
48 elements with a biquadratic displacement interpolation and four integration points were used. The lower and upper
bands of elements had an elastic behavior, in order to simulate the presence of two steel beams restraining the wall. A
resultant compressive vertical load of 37.5 KN was applied.
In our work the same numerical example is reproduced. As such, an identical macroscopic FE conﬁguration has been
considered.
Table 1. Mechanical parameters adopted in the analysis.
Eb (MPa) νb Es (MPa) νs c0 (MPa) σ0 (MPa) hp (MPa)−1 ϕ (o) δ (o)
16700 0.15 3900 0.20 0.18 0.13 40 37 1/2 ϕ
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Fig. 4. Stress proﬁles on deformed shape and results of localization.
At the mesoscale level, a mesfree UC composed by a brick with dimensions 90 x 30 mm2 surrounded by half
thickness of mortar joint is considered. The mechanical parameters adopted are reported in Table 1.
The results in terms of load-displacement curves are shown in Figure 3. The proposed procedure generates a curve
that well agrees with the numerical one produced by the model of Massart et al. [13]. In particular, after an almost
identical elastic behaviour, approximately the same nonlinear branch is captured. The numerical curve ﬁnally contin-
ues with no signiﬁcant changes in its slope. This is the result of the lack of a cup mode for compressive failure.
In Figure 4 the results in terms of vertical stresses and the correspondent localization patterns at the three points A, B,
and C indicated in the load-displacement curve are reported. The macroscopic stress is plot on the deformed shape of
the wall. Displacements are magniﬁed by a factor of 500. Tensile stresses appear ﬁrst at the lower left and top right
corners of the opening and at the lower right and top left corners of the wall (point A). In the same regions a more
intense stress proﬁle is visible at point B and even more at point C.
The evolution of embedded localization bands at Gauss points is also shown in Figure 4 for the same time steps.
Numbers indicate the progressive order of appearance of localized bands in the elements. Bands are also distin-
guished between mixed mode bands and splitting tensile mode I bands. At the beginning of the nonlinear branch
few bands are visible (point A). The ﬁrst failure mechanism is in fact taking place, consisting in two diagonal cracks
starting from the corners of the opening and evolving towards the corners of the wall. In the last line of Figure 4 the
evolution of plasticity at the mesoscale is reported for the Gauss points 3 and 16. The value of χp variable is depicted
in color at the mortar joints, since the brick is maintained elastic. A typical staircase evolution of plasticity character-
izes point 3, respecting the mixed mode nature of the band. Point 16 is instead still sound, without any localization
band.
At point B the second failure mechanism initiates its process. It consists in the developing of horizontal bands at the
two sides of the wall, in an opposite position with respect to the existing bands. While all the inclined embedded
bands evolve in a mixed mode, due to the contemporary action of vertical and shear strains, these new bands evolve
in mode I, as it is clearly showed by the mesoscopic localization map.
At point C the diagonal cracks are completed. Embedded bands are present in almost all the elements included be-
tween the top right corner of the opening and the top right corner of the wall and from the lower left corner of the
opening to that one of the wall. Other horizontal cracks in mode I are present close to the previous ones. The identiﬁ-
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cation of the critical zones is also supported by the deformed shape of the mesh. The ﬁnite elements where localization
takes place are strongly distorted, because subjected to a great amount of strain concentrated inside the element.
6. Conclusions
The paper presents a computational homogenization method implemented to model structures constituted by run-
ning bond masonry. The computational homogenization strategy proposed is able to reproduce the linear and non-
linear mechanical response of the structure at the macro-level on the base of the results of the boundary value problem
deﬁned for the mesoscopic unit cell. The equilibrium problem of the structure is discretized making use of the ﬁnite
element method and the unit cell is solved by means of a meshless model. A novelty which characterizes the proposed
numerical strategy is the adoption of the meshless method to analyze the unit cell. The paper also introduces the
concept of zero-thickness interface elements in a multiscale procedure, to simulate the inelastic phenomena occurring
at the mesoscale. The classical theory of discontinuous bifurcation is applied to identify localization bands. The
localized band is inserted in a Gauss quadrature area in a smeared sense, averaging the kinematical and mechani-
cal quantities over the integration domain. The deﬁned computational homogenization strategy has been validated
through a numerical examples. The example shows the capability of the model to catch the same results of the
enhanced multiscale model of Massart et al. [13].
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